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In order to account for large variance and fat tail of damage by natural disaster, we study a simple
model by combining distributions of disaster and population/property with their spatial correlation.
We assume fat-tailed or power-law distributions for disaster and population/property exposed to
the disaster, and a constant vulnerability for exposed population/property. Our model suggests
that the fat tail property of damage can be determined either by that of disaster or by those of
population/property depending on which tail is fatter. It is also found that the spatial correlations
of population/property can enhance or reduce the variance of damage depending on how fat the tails
of population/property are. In case of tornadoes in the United States, we show that the damage
does have fat tail property. Our results support that the standard cost-benefit analysis would not
be reliable for social investment in vulnerability reduction and disaster prevention.
I. INTRODUCTION
The 2011 Tohoku earthquake with magnitude of 9.0 or
9.1 struck the northeastern part of Japan. The earth-
quake was ranked as the fourth largest in the world. The
overall cost of the damage has been estimated to be the
tens of billions of US dollars, and 19,295 were killed and
359,073 houses were destroyed by the earthquake and
resulting tsumani [1]. This demonstrated that extreme
events actually occur, implying that the probability of
extreme events is small yet nonnegligible. This behavior
can be characterized by large variances and fat tails in
probability distributions both of damage and of natural
disaster. Statistical properties of damage are also influ-
enced by those of population/property exposed to dis-
asters that have been described by large variances and
fat tails. Despite its importance, the fat tail property
and its implications in risk analysis have been far from
being fully understood, although fat-tailed distributions
of natural disaster and population/property have been
intensively studied in statistical physics, geography, and
other disciplines.
In order to better understand the effect of natural dis-
aster and population/property on damage, we devise a
simple model by combining the occurrence distribution of
natural disaster with population/property distributions.
These distributions are assumed to have fat tails as vari-
ous types of natural disasters, like earthquake and forest
fire, and population/property are known to be described
by fat-tailed or power-law distributions [2–4]. We also
take into account the tendency that population/property
are spatially correlated partly due to the urbanization
as there exist empirical and theoretical studies support-
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ing such a tendency [5]. We make additional assump-
tions. Firstly, the disasters are moving along a straight
line. Secondly, the vulnerability is constant independent
of the intensity of natural disaster and of exposed pop-
ulation/property. These assumptions can be easily re-
laxed to incorporate more generalized features, such as
nonlinear dependence of vulnerability. Our model sug-
gests large variances and fat tails of casualty and prop-
erty damage by natural disaster.
We analytically solve the model for the limiting cases
such that population/property are either fully uncorre-
lated or fully correlated in space. The more realistic,
partially correlated cases are studied by numerical sim-
ulations because they are not analytically solvable. In
general, the fat tail property of damage is expected to
be affected by fat tail properties and spatial correlations
of natural disaster and population/property. However,
this is not always the case. We find that the fat tail
of damage can be determined by either that of natural
disaster or those of population/property, depending on
which has a fatter tail than the other. The spatial cor-
relations of population/property can enhance or reduce
the fat tail property of damage, depending on how fat the
tails of population/property distributions are. In order
to empirically support our model, we analyze the dataset
of casualties and property damages by tornadoes in the
United States over 1970–2011. It is confirmed that the
distributions of damage show fat tails.
Our research has implications in the effect of large
variance and fat tail of damage on risk-related decision
making. If we treat the variance of damage with the
assumption of normal or thin-tailed distributions as in
the typical risk analysis, it may lead to inefficient so-
cial investment to reduce vulnerability and consequently
the damage. As Weitzman demonstrated with his dismal
theorem, the fat tail property of uncertainty results in ar-
bitrarily large or divergent expected loss, threatening the
standard cost-benefit analysis [6, 7]. Our results empha-
size the need to focus more on decision under uncertainty
with fat-tailed distributions.
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2The paper is organized as following. Our model is in-
troduced in Section Model and its analytic and numeri-
cal results are presented in Section Result, with empirical
analysis of damages by tornadoes. In Section Conclusion,
we conclude our paper with some remarks.
II. MODEL
A. Background and assumptions
Empirical findings about damages by natural disasters
indicate that such damages can have large variances and
be often characterized by fat-tailed or power-law distri-
butions [2, 4]. The power-law distribution, e.g., for a
damage D, is formally presented as
P (D) ∼ D−γ ,
where γ > 0 is a power-law exponent characterizing the
degree of fat tail property. In such distributions, the
statistics cannot be properly represented only by means
due to very large or even diverging variances. The prob-
ability of extreme events is small yet nonnegligible, while
the probability rapidly approaches zero for the thin-tailed
cases such as exponential distributions.
In general, the risk or damage by natural disaster has
been analyzed as a function of three components: natu-
ral disaster, population/property exposed to the disaster,
and vulnerability of those population/property [8]. In or-
der to account for large variance of damage, we devise a
simple model by combining the occurrence distribution of
natural disaster with population/property distributions,
while the vulnerability is assumed to be constant. We
will discuss each of three components in more detail.
Firstly, for population/property distributions, we con-
sider two characteristics: probability density function
(PDF) and spatial correlation. Some PDFs of popula-
tion/property, denoted by v, are known to show power-
laws as P (v) ∼ v−α with exponent α. The estimated
value of α for the wealth of the world’s richest people over
1996–2012 ranges from 2 to 3 [9], which can be related
to Pareto principle [10]. The population distribution of
cities in the United States follows a power-law with expo-
nent α ≈ 2.37 [4], consistent with Zipf’s law. In addition,
we consider spatial correlations of population/property
because the spatial correlation can increase the variance
of damage as exposed population/property are spatially
concentrated due to the urbanization, such as Manhat-
tan in New York City and Gangnam in Seoul. Areas with
better accessibility may create more value, and the rents
and infrastructural value of the areas could be higher.
Company headquarters are likely to be located in such
areas. It is also likely that the neighborhood of the rich
(the poor) is rich (poor). Based on these observations we
assume that the PDFs of population/property are char-
acterized by power-law distributions as P (v) ∼ v−α, and
that those population/property are spatially correlated.
Secondly, the nature of natural disaster is considered.
It is known that the intensity of natural disaster like
earthquake, storm, and forest fire follows a power-law
distribution [2–4]. In our work, we focus on disasters like
tornadoes that move along a trajectory. Since the inten-
sity of disaster can be incorporated in modeling the vul-
nerability, we instead assume the length of a trajectory,
denoted by l, to be distributed as power-law, P (l) ∼ l−β
with exponent β. For simplicity, we assume that each
disaster is initiated at a random position, and moves in a
random direction along a straight line of length l. The as-
sumption of straight line can be easily relaxed to consider
curved trajectories or even more complicated geometry.
The assumption that the initiation position is not corre-
lated with spatial configurations of population/property
seems to be strong. In reality, people can choose to live
in a location with less disasters to avoid damage. In con-
trast, people can prefer a location with more disasters
if natural phenomena related to a certain disaster can
benefit people despite possible damage by such disaster.
For example, coastal area is more likely to be affected by
tsunamis, while it provides ports for trade and fishing.
Thirdly, we consider the vulnerability as a fraction
of the realized damage out of each unit of popula-
tion/property. It differs by variables such as wealth,
building code, and network structure of infrastructure.
Since there are more hospitals and more labor who are
devoted to control disasters in cities, cities could have
less vulnerability. On the other hand, cities could be
more vulnerable due to a cascading effect of damage. In
our model, since the property of vulnerability is hard to
measure, we assume that the vulnerability is constant
through the trajectory of disaster. Our model with the
assumption of constant vulnerability can provide bench-
mark results for further realistic refinements.
Finally, the total damage by a natural disaster is mod-
eled to be as the sum of population/property exposed
to that disaster, multiplied by the vulnerability of those
population/property.
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FIG. 1: (a) Random, (b) correlated, and (c) concentrated
configurations of values on a two-dimensional lattice of size
100 × 100, where the probability density function of value v
follows a power-law as P (v) ∼ v−α with α = 2.5. The height
at each site represents a logarithm of the value.
3B. Model setting
We first generate landscapes or configurations of pop-
ulation/property on a two-dimensional square lattice of
size L×L with a periodic boundary condition, see Fig. 1.
The population/property, or a value for convenience, at
site (i, j) is denoted by vi,j for i, j = −L2 , · · · , L2 − 1.
The PDF of value is assumed to follow a power law,
P (v) ∼ v−α with exponent α > 1. To parameterize the
degree of spatial correlation of value, we define a nor-
malized centrality c as a function of value configuration
{v}:
c({v}) = Erand − E({v})
Erand − Econc ,
E({v}) =
∑
i,j
(∣∣∣∣ln vi,jvi+1,j
∣∣∣∣+ ∣∣∣∣ln vi,jvi,j+1
∣∣∣∣) ,
where E measures the total difference between values of
neighboring sites. Erand and Econc denote the values of
E for random and concentrated configurations, respec-
tively. The zero centrality, c = 0, corresponds to the ran-
dom configuration, while the maximum centrality, c = 1,
implies that the values are concentrated in the central
area, i.e., around the origin (0, 0). The configuration
with intermediate c is formulated using a simulated an-
nealing algorithm. Starting from a random configuration,
two randomly selected sites swap their values only if the
swapping increases the correlation. The swapping is re-
peated until the correlation reaches the desired value of
c. Figure 1 shows exemplary configurations of value for
random (c = 0), correlated (c ≈ 0.85), and concentrated
(c = 1) cases.
For natural disasters, we focus on moving disasters like
tornadoes that move along a trajectory. We assume that
a disaster initiated at a random site moves in a random
direction, i.e., one of ±x and ±y directions, over the tra-
jectory with length l. The length l is randomly drawn
from a distribution P (l) ∼ l−β with exponent β > 1.
The vulnerability Ai,j at site (i, j) is assumed to be con-
stant for all sites in the system such that Ai,j = 1 for
all (i, j) for convenience. Then, the damage D by the
disaster initiated at (i0, j0) and moving l sites, say in the
direction of +x-axis, is given as the sum of values over
the trajectory:
D(i0, j0, l) =
i0+l−1∑
i=i0
Ai,j0vi,j0 =
i0+l−1∑
i=i0
vi,j0 .
III. RESULT
It is expected that the damage D has a large variance
by showing a fat-tailed distribution, P (D) ∼ D−γ with
exponent γ. In general, the value of γ depends on expo-
nents α, β, and the centrality c.
(a) (b)
FIG. 2: Phase diagrams summarizing analytic results (a) for
random configurations and (b) for concentrated configura-
tions.
A. Random configurations
The case of random configurations with zero centrality
can be analytically solved due to its uncorrelated na-
ture [11]. The damage D is independent of the initiation
position and moving direction of the disaster, hence it
can be written as a sum of l independent and identical
random variables, vs:
D =
l∑
n=1
vn.
For small l, as l is mostly 1, i.e., D = v1, we obtain D
−α
for P (D). For sufficiently large l, if the variance of {vn}
is small, one can approximate as D ≈ l〈v〉, where 〈·〉
denotes an average, leading to D−β for P (D). Finally,
for sufficiently large l, if the variance of {vn} is large, D is
dominated by max{vn} that is proportional to l1/(α−1).
By means of the identity P (D)dD = P (l)dl, one gets
D−(α−1)(β−1)−1 for P (D). We obtain apart from the
coefficients
P (D) ∼ D−α +D−β +D−(α−1)(β−1)−1
∼ D−γ ,
thus for large D,
γ = min{(α− 1)(β − 1) + 1, α, β}, (1)
which is depicted in Fig. 2(a). This solution has been
also obtained by rigorous calculations [11]. In case with
α > 2 and α > β, i.e., when the tail of value distribution
is sufficiently thin, one obtains γ = β, implying that
statistical properties of damage are determined only by
those of disaster. In case with β > 2 and β > α, one gets
γ = α, implying the dominance of statistical properties
of value in deciding damage. Only when both value and
disaster distributions have sufficiently fat tails, i.e., when
α, β < 2, the fat tail of damage can be explained in terms
of the interplay of both value and disaster. We perform
numerical simulations on the square lattice of linear size
L = 3 · 103 to confirm our analysis as shown in Fig. 3.
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FIG. 3: Numerical results of damage distributions and their power-law exponents for α = 1.8 (top) and for α = 2.5 (bottom).
In (c) and (f), t denotes the Monte Carlo time in the simulated annealing to generate correlated configurations.
B. Concentrated configurations
Since a concentrated configuration with c = 1 has a
rotational symmetry around the origin (0, 0), it can be
described simply by a function of the distance r from the
origin, i.e., v(r) ' v0r−µ with µ = 2α−1 . The relation
µ = 2α−1 has been obtained by the identity P (v)dv ∝
2pirdr. For convenience, we calculate D in a continuum
limit of lattice as
D(r0, θ0, l, φ) ' wv0
∫ l
0
r(t)−µdt,
r(t) =
√
(r0 cos θ0 + t cosφ)2 + (r0 sin θ0 + t sinφ)2,
where the polar coordinate (r0, θ0) and the angle φ are
the initiation position and moving direction of the dis-
aster, and w denotes the transverse dimension or width
of the disaster. Since r(t) can be written in terms of
rx ≡ r0 cos(φ− θ0) and ry ≡ r0 sin(φ− θ0), we get
D ' wv0
∫ l
0
[(t+ rx)
2 + r2y]
−µ/2dt. (2)
For small l, the integration is approximated up to the
first order of l, leading to D ∝ v0r−µ0 l ' v(r0)l. Thus, we
obtain D−α +D−β for P (D) apart from the coefficients.
For large l, by substituting the variable of integration as
t+ rx = ry tan θ, one gets
D ' wv0r1−µy
∫ tan−1 l+rxry
tan−1 rxry
cosµ−2 θdθ.
Note that tan−1 rxry =
pi
2 −(φ−θ0). The following formula
can be used:∫
cosµ−2 θdθ =
sgn(sin θ) cosµ−1 θ 2F1( 12 ,
µ−1
2 ;
µ+1
2 ; cos
2 θ)
1− µ + const.,
where sgn(x) gives the sign of x and 2F1 is the hyper-
geometric function. We consider two cases according
to the moving direction of the disaster. In case with
|φ−θ0| < pi/2, i.e., rx > 0, the disaster moves away from
the central area. We get the result up to the leading
terms as
D ≈ wv0 l
1−µ − a1r1−µ0
1− µ (3)
with a constant a1 ≡ 2F1( 12 , µ−12 ; µ+12 ; sin2(φ − θ0)). If
µ > 1 (α < 3), from D ∼ r1−µ0 ∼ v
µ−1
µ , we have the term
D−
α+1
3−α for P (D). This is dominated by D−α because
α+1
3−α > α for α < 3. If µ < 1 (α > 3), D ∼ l1−µ leads to
the term D−
(α−1)(β−1)
α−3 −1 for P (D), which is dominated
by D−β for β > 1. On the other hand, for |φ−θ0| > pi/2,
i.e., rx < 0, the disaster approaches the central area to
some extent and eventually moves away. The domain
of integration in Eq. (2) can be divided into two at the
closest position of the disaster to the origin given by t× ≡
−rx: ∫ l
t×
dt ≤
∫ l
0
dt =
∫ t×
0
dt+
∫ l
t×
dt ≤ 2
∫ l
t×
dt.
Here the second inequality holds for sufficiently large l.
Similarly to the case with |φ − θ0| < pi/2, we get the
same result up to the leading terms as Eq. (3) but with
5a1 replaced by a2 ≡ sin1−µ(φ − θ0)Γ(µ+12 )Γ( 12 )/Γ(µ2 ).
Finally, since P (D) ∼ D−α +D−β , we obtain the result
for γ as
γ = min{α, β}. (4)
This solution is depicted in Fig. 2(b), and confirmed by
numerical simulations as shown in Fig. 3.
C. Correlated configurations
Before investigating the effect of correlated configura-
tions with 0 < c < 1, we compare the results for random
and concentrated cases, Eqs. (1, 4). If α > 2 or β > 2,
we get γ = min{α, β} from P (D) ∼ D−α+D−β for both
cases of c = 0 and c = 1. The first term D−α is mainly
due to D = v when l = 1, hence it is independent of the
spatial correlation or centrality c. The second term D−β
is due to D =
∑l
n=1 vn ∝ l. That is, most disasters move
along trajectories consisting of small vns when the tail of
P (v) is sufficiently thin, i.e., when α > 2. This leads to
the irrelevance of the spatial correlation. Thus, one can
expect that γ = min{α, β} holds for the entire range of c.
This is confirmed by numerical simulations for the case
of α = 2.5 in Fig. 3(f), with some deviations mainly due
to logarithmic corrections to scaling, like lnD, and finite
size effects. It is observed that the estimated values of γ
are systematically smaller for larger centrality, implying
fatter tails of damage distributions.
For α < 2 and β < 2, the difference in values of γ for
c = 0 and for c = 1 is summarized as follows:
∆γ ≡ γc=1 − γc=0 =
{
(2− α)(β − 1) if β < α,
(α− 1)(2− β) if β > α.
This implies that the tail of damage distribution for the
concentrated case is always thinner than that for the ran-
dom case. The maximum value of the difference ∆γ is 1/4
when α = β = 3/2. The numerical simulations for the
case of α = 1.8 in Fig. 3(c) confirm the analytic solution,
with deviations due to corrections to scaling and finite
size effects. While such deviations seem to be large, we
systematically observe that in the region of β < 2, the
values of γ for c = 1 are slightly larger than those for
c = 0, comparable to the analytic results.
It turns out that whether the spatial correlation of
value enhances or reduces the fat tail property of dam-
age is not a simple issue as expected. The randomness in
value configurations may enhance the variance of damage
by introducing more fluctuations in exposed values when
the tail of value distribution is sufficiently fat (α < 2).
On the other hand, the randomness may reduce the vari-
ance of damage by mixing the values when the tail of
value distribution is sufficiently thin (α > 2). The for-
mer explains the analytic expectation that the damage
will have fatter tails for more correlated configurations,
while the latter does the numerical observations of the
opposite tendency.
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FIG. 4: Empirical damage distributions by tornadoes in the
United States from 1970 to 2011 and estimated power-law
exponents (a) for the numbers of death and injured and (b)
for property and crop damages estimated in US dollars.
D. Empirical results
In order to support our results, we empirically study
casualty and property damage distributions by tornadoes
in the United States from 1970 to 2011, for which the
data were retrieved on 24 June 2011 from the website of
National Climatic Data Center. By assuming a power-
law form for those distributions, the power-law exponents
are estimated as γ ≈ 2 for the numbers of death and the
injured, and γ ≈ 1.5 for property and crop damages,
as shown in Fig. 4. The significantly different values of
power-law exponent, i.e., 1.5 and 2, could imply that they
represent qualitatively different underlying mechanisms
or origins.
In order to account for these observations for torna-
does, our simple model can be extended to take into ac-
count various factors like position-dependent vulnerabil-
ity. For example, let us consider that the vulnerability
at a site scales with the value at that site as A ∼ vη,
where the scaling exponent η can be positive or negative
depending on the situation. Since the effective value, de-
noted by v′ ≡ Av, is proportional to v1+η, the fat tail of
the PDF of effective value is characterized by the power-
law exponent α′ = α+η1+η . Note that α
′ reduces to α for
η = 0 as in our simplest setup. More detailed analysis
for the effect of position-dependent vulnerability is left
for future works.
IV. CONCLUSION
We have developed a simple model to show that dam-
ages by natural disasters could have large variances in
terms of fat-tailed distributions of natural disaster and
population/property, as well as in terms of their spa-
tial correlations. The damage has been modeled as the
sum of population/property exposed to the moving disas-
ter, while the vulnerability was assumed to be constant
through the trajectory of disaster. Our simple model
draws limits to the implication of the results. In reality,
vulnerability differs by variables such as wealth, build-
ing code, and network structure of infrastructure. The
6trajectory of disaster may be not straight. However, our
model can still provide the benchmark results for more
realistic refinements, for which these assumptions can be
easily relaxed.
Our research enables to quantitatively study the effect
of fat tail property, in terms of the exact analytic re-
sults for the power-law exponent of damage distributions.
Thus, our model can serve as more concrete framework
for future studies on damage by natural disaster as well
as risk analysis under uncertainty with fat-tailed distri-
butions. We also note that since a portion of damages
due to climate change is associated with natural disaster,
our research can provide grounds to the discussion on the
fat tail property of damage due to climate change [12].
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